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^ ■ Abstract 

We study the boundary S-matrix for the reflection of bound states of the two- 

, dimensional sine-Gordon integrable field theory in the presence of a boundary. 



Qh! 1. Introduction 



In a recent paper [jT|, two-dimensional integrable field theory with a boundary has 
been studied. An essential ingredient of an integrable field theory in infinite space is 
the existence of an infinite number of mutually commuting integrals of motion. In the 
presence of the boundary, for arbitrary boundary conditions, these "charges" no longer 
remain conserved. However, sometimes, it is possible to modify these charges with special 
"integrable" boundary conditions so that the modified charges are indeed conserved. Then 
such a theory may be called a "two-dimensional integrable field theory with a boundary" . 

An integrable "bulk" field theory enjoys the property that its multi-particle S-matrix 
amplitude factorizes into a product of an appropriate number of two-particle S-matrix 
amplitudes. The latter satisfy several constraints, namely, Yang-Baxter equation, unitarity 
and crossing symmetry 0. These constraints enable one to compute the exact S-matrix 
upto the so-called "CDD" -factors. It has been known for quite some time how to generalise 
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this factorizable structure of the S-matrix in the presence of a reflecting boundary 0. In 
addition to the "bulk" two-particle S-matrices one needs to introduce specific "boundary 
reflection amplitudes" for reflections of various particles in the theory off the boundary. 
The latter have to satisfy appropriate generalisations of the constraints of the bulk theory 
- the boundary Yang-Baxter equation, the boundary unitarity condition and the boundary 
cross-unit arity condition. The last of these was introduced in Thus one can in a way 
similar to the bulk case, pin down the factorizable boundary S-matrix, again, upto the 
"CDD" -factors. 

In the boundary S-matrices of the soliton scattering in the sine-Gordon model with 
a particular integrable boundary condition (which we call the "boundary sine-Gordon 
model"), were obtained. In the present work we compute the boundary S-matrix for 
reflections of the soliton-antisoliton bound states (the breathers) off the boundary. We 
employ the ideas of "boundary bootsrap" as discussed in [|l|J^]. 



2. Boundary S-matrix of the sine-Gordon Model 

In this section we review the study of the S-matrices of the sine-Gordon model in the 
presence of the boundary The bulk SG model is described by the action [Q, 

1 /"OO 

dy / dxa{(j),d^(j)) (2.1) 



,d^cl)) = -{d^(t^Y---cos^(t^ (2.2) 



where, 

where (f){x,y) is a scalar field and is a dimensionless coupling constant. The model is 
integrable both classically and quantum mechanically f^,^. In the quantum theory, the 
discrete symmetry (j) (j) + ^N.NeZ is spontaneously broken at < 8% 0]; in this 
domain the theory is massive and its particle spectrum consists of a soliton-antisoliton 
pair [A, A) (with equal masses) and a number (which depends on /3) of neutral particles 
("quantum breathers") Bn,n = 1, 2, ... < A, where 

A=|^-l (2.3) 

The soliton (antisoliton) carries a positive (negative) unit of "topological charge" 

q=— dx—<p{x,y) = —[(j){+oo,y)-(j){-oo,y)] (2.4) 
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The charge conjugation C : A ^ A is related to ^ ^ —(j) symmetry of (|2.2| ). The particles 
Bn are neutral (they are interpreted as the soliton-antisoliton bound states), Bn with even 
(odd) n being C -even (C -odd). The masses of B^ are 

TITT 

= 2M,sin(— ); n-1,2,... <A, (2.5) 

where Ms is the soliton mass. 

Factorizable scattering of solitons is described by the commutation relations 

A{6)A{e') = a{e - e')A{e')A{e), A{e)A{e') = a{e - e')A{e')A{e), 

A{e)A{e') = b{e - 6')A{e')A{e) + c{e - e')A{e')A{e), (2.6) 

where A(9) and A{9) are soliton and antisoliton creation operators and the two-particle 
scattering amplitudes a, 6, c are given by 

a{9) = sin(A(7r — u))p{u), 
b{9) = sin(Aw)p(w), 

c(^) = sin(A7r)p(M), (2.7) 

where u = —i9 and 

Pin) = --r(A)r(i - XuMTii - A + XuM n ^'^^l^'^J'.'^^ 

TT fj^ F;(0)Fz(7r) 

p . ^ _ r(2/A - XuMTjl + 2/A - XuM 

' T{{2l + l)X-Xu/Tx)T{l + {2l-l)X-Xu/Txy ^ ' 

The amplitudes of AB^ and B^Bm scatterings can be found in 0. The amplitudes h{9) 
and c{9) have simple poles in the "physical strip" , Re9 = 0, < Im9 < it, i.e. < u < tv 
for 

TlTT 

Un = 7T-—, n = l,2,...<A (2.9) 
These are interpreted as the neutral bound states Bn- From the pole terms 

fn f-\ — 



9 — iUr 



ci9) ^ ,+"^" (2.10) 
9 — iu„ 
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the vertices fl!j can be extracted and they are 



f+- = /+- (2.11) 
The field theory in the presence of the boundary can be defined by the following action i 

/oo poo ^ 

dy dxa{(t),d^4>) + / dyb{<PB.-j-<pB) (2.12) 
-oo J — oo J — oo "'V 

where (pB = (pi^^v)- Based on an explicit computation of the first non-trivial integral of 
motion, it was argued in [|I| , that the SG model is integrable in the semi-infinite space with 

b{<p) = -Mcosi^i<P-<Po)) (2.13) 

where M and (po are free parameters. The factorizable boundary scattering theory associ- 
ated with ( |2.13|) was developed in The boundary S-matrix of the solitons and anti- 
solitons can be conveniently described by the following "commutation relations" between 
soliton and antisoliton creation operators A{9) and A{9) and the formal "boundary creation 
operator" B (see |]I[), 



A{e)B = p+{e)A{e)B + Q+{e)A{e)B- 

A{9)B - P-{9)A{9)B + Q-{9)A{e)B (2.14) 

Here (P_, Q-) are the amplitudes of soliton (antisoliton) one-particle boundary 

scattering processes shown in Fig.l. Exept for the case M = oo, the boundary value 
(l){x = 0, y) is not fixed in the boundary field theory ( p.l3|) and hence the topological 
charge 

,= -y_^rfx-<^(x,,) (2.15) 

is not conserved. That is why we allow processes described by Q±. The above amplitudes 
have to satisfy constraints resulting from the boundary Yang-Ba:xter equation (BYB), the 
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unitarity equation and the cross-unitarity equation |l|], described in Fig. 2, Fig. 3 and Fig. 4 
respectively. The BYB alone gives the solution 



P+{9) = cos{C + Xu)R{u); 

P-{e) = cosiC - Xu)R{u); 

Q+{6) = ^sm{2Xu)Riu); 
k- 

Q-{9) = —sm{2Xu)R{u), (2.16) 

where again u = —i9; ^, k± are free parameters and R{u) is an arbitrary function i.One 
can set k+ — k- — k hj using a gauge transformation 

A{e) e'''A{e),A(6) e-^"i(6') (2.17) 

The function R{u) can be determined using the "boundary unitarity" and the "boundary 
cross-unitarity" equations 

R{u) = Ro{u)Ri{u) 

where 

Ro{u)=Fo{u)/Fo{-u); 

^ , , r(l - 2Xu/7i) 
^"^"^ = r(A-2A.A) " 

^ T{4Xk - 2Xu/n)T{l + 4Xk - 2Xu/n)T{X{4k + 1))T{1 + X{4k - 1)) 

r(A(4A; + 1) - 2Aw/7r)r(l + X{4k - 1) - 2Aw/7r)r(l + 4AA;)r(4AA;) ^ ' ^ 



and 



where 



Riiu) = ^a(r7, u)a{ii}, u) (2.19) 
cos 4 



_ n(a;, 7r/2 - u)U{-x, tt/2- u)U{x, -7r/2 + u)U{-x, -7r/2 + u) 
~ n2(x,7r/2)n2(-x,7r/2) ' 

_ n ^( + + V^)-^ + - AV7r)r(l/2 + {21 + 3/2)A + x/n) 
~ to ^(^/^ + + + ^/"^ ~ Aw/7r)r(l/2 + {21 + 1/2)A + x/n) 



This is the general solution for generic A. For integer A there are additional solutions. 
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solves 



a{x,u)a{x, —u) = [cos{x + Xu) cos{x — Xu)] ^; a{x,7T /2 — u) = a{x,7i/2 + u), 
and the parameters 77 and f? are determined through the equations 



A;2 



cos(?7) cosh('t9) = — — cos^; 003^(77) + cosh^('f9) = 1 + — . (2.20) 



3. Bound State Boundary S-matrix 

In this section we discuss the scattering of bound states Bn of the sine-Gordon model 
off the boundary.One starts with the commutation relation (Fig. 5) 

Br,{e)B = R^^\e)Br,{-e)B (3.1) 



where Bn(0) creates the bound state Bn with rapidity 9. The bound state boundary 
scattering amplitude R^^^ {9) can be derived from the "boundary bootsrap equation" 

/;:..K)i?};(^ + ^)^S;(2«)i2}^(z.- ^) = /;^^^(z..)i?J)(«) (3.2) 



where Rj stand for the amplitudes (|2.16| ) and Sfj{u) represent the two-particle bulk 



S-matrices (|2.7| ) with u = —i9. This equation is illustrated in Fig. 6. Furthermore the 
solution must satisfy the following: 

1. Boundary Unitarity Equation: 

i??(^)4"^(-^) = l (3.3) 

This equation can be obtained as a consistency condition by applying ( p.l| ) twice. 

2. Boundary Cross-unitarity Equation: 

4"^(f -n)= Ri\l + u)S(-'-\2u) (3.4) 

where S^'^''^\2u) is the scattering amplitude for Bn + Bn Bn + Bn.Th.ese two conditions 
have been discussed in detail in 0]. Fig. 3 and Fig. 4 illustrate (|3.3|) and (|3 . 4|) respect i vely 
if particles a and b are both taken to be Bn- The equation ( |3?^ ) yields R^^\u) when the 
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expressions ( CT) for Q for S^j{u) and (|2J6D , (|]T|)- ( ^ ) for i?} are used. It 
can be written as 

R^^\u) = r'^^\u)R^;'\u) (3.5) 



where 

(n). . ^ ( COsj^ + lx)^^Kf - f - ix)^^^(f + f ) 

^ ^ ^ ^ co.(f - )co.(f + f + ).zn(f - f ) 

We find that R^\u), which contains the boundary parameters 77 and "d is difi'erent de- 
pending on whether n is even or odd 

(u) = 5(2^) (77, (iT?, (3.7) 

where 

S^^^^(x u) = f] ^^^(^)-^Q^(f gm(^)-cog(f + (/-^)f) 

n = l,2,....< ^ 

and 
with 

^(2n-l). ^ ^ C08(f ) " g^n(^) 8m(^) - C08( f - ^ ) 8m(^) - C08( f + ^) ^ 

^ ' ' cos(f ) + sm(M) 11 sin{u) + cos(f - ^) sm(M) + cos(f + ^) ^ ' ' 

One can check that the solution so obtained satisfies ( |3.3|) and ( p.4|) . 

The factor R'^\u) contains poles in the "physical strip" < u < ^ located at 
w = ^ — ^ for A > 1. These poles can be explained as follows. In the "direct channel" of 
the scattering Bn + B^ + B^ the corresponding amplitude S^'^''^\u) shows a pole 

at w = ^ 0. This pole corresponds to the propagation of a real bound state i?2n- As 
discussed in the boundary state \B > associated with the boundary condition ( |2.13D 
is expected to contain the contributions of the zero-momentum particles i?2n- Therefore 
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the amplitude \u) must show a pole at u = ^ — ^ as illustrated in Fig. 7. The pole 
at M = ^ is necessary to satisfy (^) at m = since S'*^"^'"'^(0) = —1. 

It is difficult to discuss the behavior of R^{^\u) for general values of the boundary 
parameters 77 and d. As in we will consider only two special cases: 

a) Fixed Boundary Condition: In this case ( |2.19| ) becomes [Q, 

Ri{u) = ^a{^,u) (3.11) 

COSci 

and consequently we get 

R^^\u) = S^''\i,u) (3.12) 

There exist poles in the "physical strip" < w < ^ in R^^\u) and these represent some 
"boundary bound states" . 

b) Free Boundary Condition: In this case rj = |^(A + 1) and "i? = [|1|. There exists 
a pole in R^^\u) for both even and odd values of n at m = This pole corresponds 
to a "boundary bound state" propagating along the boundary as illustrated in Fig. 8. As 
discussed in [||, the energy of this "boundary bound state" should be e„ = eo + m^cos(^), 
where eo is the ground state energy. Using ( p.5|) , we get = eo+MsSm(^). The existence 
of this set of bound states with energies can be seen also from the soliton boundary 
S-matrices ( |2.16D . For the "free" boundary conditions, P+{0) = P-{0) = Pfree{d) and 
Q+{9) = Q-{0) = Qfreei^) both show poles ai 9 = i^ — i^. Energies of the corresponding 
"boundary bound states" , when computed, agree with found above. 
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